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Abstract
We study the problem of remote control of quantum correlations (discord) in a sub-system
of two qubits (receiver) via the parameters of the initial state of another sub-system of three
qubits (sender) connected with the receiver by the inhomogeneous spin-1/2 chain. We propose
two parameters characterizing the creatable correlations. The first one is the discord between
the receiver and the rest of spin-1/2 chain, it concerns the mutual correlations between these
two subsystems. The second parameter is the discord between the two nodes of the receiver and
describes the correlations inside of the receiver. We study the dependence of these two discords on
the inhomogeneity degree of spin chain.
PACS numbers:
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I. INTRODUCTION
The problem of controllable remote state creation considered in set of papers [1–5] initiates
the problem of creation the states with desirable quantum correlations in a receiver. In
particular, the entanglement between the remote qubits is studied in [6, 7], different method
of creation of quantum correlations are considered in [8–13].
We shall recall that the problem of remote state control has rather long history starting
with the quantum echo [14], which can be referred to as the long distance quantum state
transfer. The problem of quantum state transfer itself was formulated in [15]. But even
earlier the problem of quantum teleportation was stated [16]. It is worthwhile to give a
brief comparison of such closely related branches of quantum communication as quantum
teleportation [16–18], quantum state transfer [15, 19–22] and remote quantum state creations
[1, 2, 23–25].
The teleportation of the unknown state differs from the two others by the presence of
the additional classical communication channel. However, in some sense, this channel is
implicitly implemented into the interaction Hamiltonian governing the dynamics of the com-
munication line in the process of state transfer and state creation. The simple analogy can
be observed in the perfect state transfer, when the unknown sender’s state moves to the
receiver. So, the classical channel as an additional part of the ”communication line” is not
needed. Next, the high probability state transfer [26–35] was proposed, which is much sim-
pler realizable in comparison with the perfect state transfer. Besides, instead of transferring
the sender’s state itself, we may try to create another state-of-interest directly related with
the sender’s state (but different from it) [1, 2, 23–25]. The creation of such states via the
spin chain is the subject of ref.[36], where this idea was formulated for the case of mixed
sender’s state and short chains. The state creation controlled by the pure sender’s state
with one-spin excitation was studied in [37], the similar problem with the physically mo-
tivated initial state is considered in [38]. We shall also remark that our algorithm of the
quantum state creation develops ideas of the quantum information transfer [39–41] which is
an alternative process to the quantum state transfer.
In this paper we consider the remote state-creation in terms of the quantum correlations
described by the quantum discord [42–44], which was introduced after the quantum entangle-
ment [45–49]. As quantum correlation parameters, we use the discord between the receiver
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FIG. 1: The communication line with three-node sender and two-node receiver
and the rest of spin chain (external correlations) and the discord between the nodes of the
receiver (inside correlations). We show their mutual relation and study the map from the
control-parameter domain into the two-dimensional space of the mentioned above discords.
The paper is organized as follows. In Sec.II we describe our model of communication
line including the Hamiltonian and the initial state. Quantum correlations at the receiver
side are considered in Sec.III. The time optimization of the state creation is performed in
Sec.IV. Results of the numerical simulation of the creatable correlations in long chains with
different inhomogeneity degrees are represented in Sec.V. Conclusions are given in Sec.VI.
II. MODEL OF COMMUNICATION LINE
The communication line considered in our paper is shown in Fig.1. It consists of the
three-node sender (the first three nodes of the chain), the two-node receiver (the two last
nodes of the chain) and the transmission line connecting them.
A. Interaction Hamiltonian
We consider the evolution governed by the nearest neighbor XY-Hamiltonian
H =
N−1∑
i=1
Di(IixI(i+1)x + IiyI(i+1)y), (1)
where Di are the coupling constants between the nearest neighbors, Ijα (j = 1, . . . , N ,
α = x, y, z) is the jth spin projection on the α-axis. In our model we use the dimensionless
time and the following coupling constants:
Di =
√
N − 1 cos(φpi) + sin(φpi)
√
i(N − i)√
N − 1(cos(φpi) + sin(φpi)) , 0 ≤ φ ≤
1
2
. (2)
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The parameter φ in eq.(2) indicates the deviation of our chain from the Ekert one and is
referred to as the inhomogeneity parameter. Thus
Di|φ=0 = 1, homogeneous chain, (3)
Di|φ= 1
2
=
√
i(N − i)
N − 1 , Ekert chain. (4)
Obviously, Hamiltonian (1) commutes with the z-projection of the total spin momentum,
[H, Iz] = 0. This allows us to significantly simplify the numerical simulations reducing the
dimensionality of the Hilbert space in which the spin-dynamics is described. So, working with
the one-spin excitation, we use only N -dimensional subspace (of the whole 2N -dimensional
Hilbert space of the N -node spin system) spanned by the following vectors:
|n〉 ≡ | 0 . . . 0︸ ︷︷ ︸
n−1
1 0 . . . 0︸ ︷︷ ︸
N−n
〉, n = 1, . . . , N. (5)
B. Initial state of spin chain
We consider the pure one-excitation initial state of the three-node sender of the following
general form:
|Ψ0〉 =
3∑
i=1
ai|i〉, (6)
3∑
i=1
|ai|2 = 1, (7)
where ai (i = 1, 2, 3) are arbitrary parameters with constraint (7). Unlike the initial states
considered in [37], our initial state does not involve the ground state |0〉. According to the
Schro¨dinger equation, the evolution of the pure initial state |Ψ0〉 reads:
|Ψ(t)〉 = e−iHt|Ψ0〉. (8)
Hereafter we use the following parameterization of the sender’s initial state (6) satisfying
constraint (7):
a1 = cos
α1pi
2
cos
α2pi
2
, a2 = cos
α2pi
2
sin
α1pi
2
e2ipiϕ1 , a3 = sin
α2pi
2
e2ipiϕ2 , (9)
where
0 ≤ αi ≤ 1, 0 ≤ ϕi ≤ 1, i = 1, 2, (10)
and the parameters αi, ϕi, i = 1, 2, are referred to as the control parameters.
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C. Local state of receiver
The state of the two-qubit receiver at some time instant t can be obtained reducing the
state of the whole chain over spins 1, . . . , N − 2. Written in the basis
|0〉, |N − 1〉, |N〉, |N(N − 1)〉, (11)
the receiver’s density matrix reads as follows:
ρR ≡ Tr1,2,...,N−2ρ =


1− |fN−1|2 − |fN |2 0 0 0
0 |fN−1|2 fN−1f ∗N 0
0 f ∗N−1fN |fN |2 0
0 0 0 0

 (12)
(in basis (11), the vector |N(N−1)〉 means the state with Nth and (N−1)th excited spins).
Here star means the complex conjugate value and fN−1, fN , f0 are the transition amplitudes,
fi = 〈i|e−iHt|Ψ0〉 = Rie2piiΦi, i = 0, . . . , N, (13)
where Ri and Φi are the real parameters and Ri are positive. Remember the natural con-
straint
|fN |2 + |fN − 1|2 ≤ 1 ⇒ R2 ≡ R2N +R2N−1 ≤ 1, (14)
where the equality corresponds to the perfect two-qubit state transfer because in this case
fi ≡ 0 (i < N − 1).
Obviously, the probability amplitudes appearing in the receiver’s state (12) are linear
functions of the parameters ai:
fN(t) = 〈N |e−iHt|Ψ0〉 =
3∑
j=1
aj〈N |e−iHt|j〉 =
3∑
j=1
ajpNj(t) (15)
fN−1(t) = 〈N − 1|e−iHt|Ψ0〉 =
3∑
j=1
aj〈N − 1|e−iHt|j〉 =
3∑
j=1
ajp(N−1)j(t), (16)
where
pkj(t) = 〈k|e−iHt|j〉 = rkj(t)e2piiχkj(t), k, j > 0, (17)
rkj are the positive amplitudes and 2piχkj (0 ≤ χkj ≤ 1) are the phases of pkj. The meaning
of pkj is evident. It is the transition amplitude of the excitation from the jth to the kth spin.
Emphasize that these amplitudes represent the inherent characteristics of the transmission
line and do not depend on the control parameters of the sender’s initial state.
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III. QUANTUM CORRELATIONS AT RECEIVER SIDE
We introduce two parameters characterizing the quantum correlations at the receiver
side. The first of these parameters is the discord Qext between the receiver and the rest of a
chain, it indicates whether these two subsystems correlate to one another. The second one
is the discord QR between the qubits of the receiver, it characterizes the correlations inside
of the receiver.
A. Discord between the receiver and the rest of communication line
Since the initial state of our system is a pure one, it remains pure during the evolu-
tion. Thus, the receiver and the rest of communication line compose the whole system in
a pure state. Consequently, the discord between these two subsystem is identical to the
entanglement between them [8]. The later can be simply calculated in terms of the entropy:
Qext = −TrρR log2 ρR = −
4∑
i=1
λi log2 λi. (18)
In our case, ρR (12) is an X-matrix having the following two nonzero eigenvalues:
λ1 = 1− R2, λ2 = R2. (19)
Consequently,
Qext = −
2∑
i=1
λi log2 λi = −R2 logR2 − (1− R2) log(1−R2). (20)
B. Inside discord of the receiver
The formula for discord between the two nodes of receiver is more complicated. For the
particular case of X-matrix (12) it was derived in [50] (see Appendix for more details):
QR = min(QN , QN−1), (21)
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FIG. 2: The discords Qext (solid line) and QR (dash-line) as functions of R
2 and R2N−1. The
different dash-lines correspond to the different values of R2N−1 = 0.1n, n = 0, 1, . . . , 10. The dash-
line R2N−1 = 0 coincides with the abscissa axis, the line R
2
N−1 = 1 shrinks to the point R
2 = 1.
The bold dash-line corresponds to R2N−1 =
1
2 , the discord QR can take any allowed value on this
line, 0 ≤ QR ≤ 1.
where
QN = 1− R2N−1 log2R2N−1 − (22)
(1− R2N−1) log2(1− R2N−1) +R2 log2R2 +
(1− R2) log2(1− R2)−
1
2
(
1−
√
1− 4R2N(1− R2)
)
log2(1−
√
1− 4R2N (1−R2))−
1
2
(
1 +
√
1− 4R2N(1−R2)
)
log2(1 +
√
1− 4R2N (1− R2)),
QN−1 = QN |N−1↔N .
This discord depends on the absolute values RN , RN+1 of the transition amplitudes:
C. R- and RN−1-dependence of discords Qext and QR
In Fig.2, we represent the discord Qext as a function of R
2 (the solid bell-shaped line)
and QR as a function of R
2 and R2N−1 (the family of dash-lines, each line corresponds to
the particular value of R2N−1). In this graph we see that the large values of the discord QR
can be produced by large R. Therewith, the maximal value of the discord QR, (Q
max
R = 1)
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corresponds to R2 = 1 and R2N−1 =
1
2
(the bold dash-line). On the contrary, the discord
Qext has the maximum at R
2 = 1
2
, this means that QR decreases with either RN−1 → 0 or
RN−1 → 1. Remark, that there is a region in this figure where QR is large while Qext is
rather small (the right upper corner of the figure). In this region the quantum correlations
between the receiver and the rest of communication line are minimized and therefore the
receiver can be used as (almost) independent object. However, this region is difficult for
realization and can be created when the chain is engineered for the high probability state
transfer.
IV. TIME OPTIMIZATION OF REMOTE QUANTUM CORRELATIONS
The remote control of quantum states is aimed at creation of required parameters at
the receiver side by varying the control parameters. Formally, there is analytical relation
between the control parameters and creatable ones. Moreover, the elements of the receiver’s
density matrix are linear functions of the parameters ai as was mentioned above. However,
the coefficients of these linear functions depend on the transition amplitudes pkj (17) (the
t-dependent inherent characteristics of the transmission line) and thus are hardly under-
standable without graphic representation. Therefore below we numerically study the map
of the domain of the two control parameters α1 and α2 into the plane of the creatable
parameters Qext and QR:
(α1, α2)→ (Qext, QR). (23)
Note that we set ϕi = 0 in formulas (9) for ai because the effect of these phases is negligible
in our model, this conclusion was confirmed by the preliminary numerical simulations.
Using the parameter φ in eq.(2) we vary the chain from the ideal Ekert chain (φ = 1
2
,
the whole receiver’s state-space can be created in terms of Qext and QR in this case) to the
homogeneous one (φ = 0, the creatable region is minimal in this case).
A. Time optimization of discords Qext and QR
Taking into account formulas (20) and (21) and the discussion in Sec.IIIC we conclude
that the probability of the state transfer to the receiver side, R2, is the most relevant
parameter responsible for the quantum correlations and must be studied in more detail.
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According to formula (20) the discord Qext vanishes as either R = 0 or R = 1. In the
ideal case, R = 1, the signal is completely collected at the nodes of the receiver. However,
usually R < 1 and depends on the initial state of the spin system. In the next subsection
we perform the time-optimization of R for the initial state (6,9) with the particular values
of control parameters: αi = 0, i = 1, 2.
1. Time optimization of state transfer probability R2
The probability R2 as a function of the time t is an oscillating function of time and
reaches the first maximum R2max (the largest one) at some time instant t0. Both of these
parameters (R2max and t0) are shown in Fig.3 as functions of the inhomogeneity parameter
φ for the chains of different lengths N ,
N = 20, 50n, n = 1, . . . , 6. (24)
Fig.3a shows that the amplitude approaches unit as φ→ 1
2
(Ekert chain). There is a limiting
curve N →∞ in Fig.3b (dash-line) showing that the state creation algorithm becomes more
N -independent with approaching to the Ekert case, φ → 1
2
, because all curves approach
each other in the right upper corner of this figure.
To obtain the approximate form of the limiting curve in Fig.3, we note that each curve
in Fig.3a can be approximated by the function
FN = cN − exp(−aNφpi − bN ), (25)
with particular values of the coefficients aN , bN and cN (we do not represent these curves
in Fig.3a, we also do not give the values of the parameters aN , bN and cN for brevity).
Studying the dependence of the parameters aN , bN and cN on N we observe that aN has
the well-formed asymptotics as N → ∞: a∞ ≈ 2.232. The two other parameters b∞ and
c∞ can be approximated using the ”boundary” requirements F∞|φ= 1
2
= 1 and F∞|φ=0 = 0:
b∞ ≈ −0.03, c∞ ≈ 1.031. Thus, we approximate the limiting curve (the dash-line in Fig.3a)
by the function
R∞ = 1.031− e−2.232φpi+0.03. (26)
As for the time instant t0, it increases linearly with N
γ(φ) (t ∼ Nγ(φ)), where γ decreases
with increase in φ from γ(0) = 1 to γ(1
2
) = 1
2
.
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FIG. 3: The maximum of the state transfer probability R2 and the appropriate time instant τ for
the initial state Ψ0 = |1〉 and chains of different lengths, N = 20, 50n, n = 1, 2, . . . , 6.
V. NUMERICAL SIMULATIONS OF MAP (23)
The main purpose of numerical simulation of map (23) is revealing the dependence of
the area of creatable region on the inhomogeneity parameter φ. In particular, we select the
sub-domain in the control-parameter space for which map (23) is (almost) the one-to-one
map.
A. Domain of control parameters
For convenience, we separate the whole domain of control parameters (10) into the four
sub-domains (we put ϕi = 0 for the reason indicated above).
The first sub-domain:
0 ≤ αi ≤ 1
2
, i = 1, 2. (27)
The second sub-domain:
1
2
≤ α1 ≤ 1, 0 ≤ α2 ≤ 1
2
. (28)
The third sub-domain:
0 ≤ α1 ≤ 1
2
,
1
2
≤ α2 ≤ 1. (29)
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The fourth sub-domain:
1
2
≤ αi ≤ 1, i = 1, 2. (30)
The reasoning for this separation is clarified below in Secs.VB, VC. It will be shown that
sub-domain (27) is (almost) one-to-one mapped into the creatable region.
B. Ekert chain
In the limit case of the fully engineered Ekert chain (φ = 1
2
in eq.(2)) we are able
to cover the whole space of the parameters QR, Qext, see Fig.4 where N = 20. In this
figure, the horizontal dash-lines correspond to α2 = const, while the solid lines correspond
to α1 = const. Emphasize that it is not necessary to work with the whole domain (10)
of control parameters because the parameters from the first sub-domain (27) cover the
whole creatable space, as is shown in Fig.4a, where some particular values of the control
parameters are indicated. Therewith the map (23) is one-to-one map for this sub-domain.
The parameters from the second sub-domain (28) are mapped into the same region in Fig.4a
(therewith, the parameter α1 increases from
1
2
to 1 in passing from the right to the left. We
shall point on the third (29) and the fourth (30) sub-domains. Both of them are mapped
into the creatable subregion shown in Fig.4b. The indicated values of the control parameters
αi correspond to the third sub-domain (29). The sub-domain (30) maps into the same sub-
region with α1 increasing from
1
2
to 1 in passing from the right to the left.
Thus, the subregion in Fig.4b is covered four times by the parameters from the all four
sub-domains (27-30) and consequently the states from this sub-region are simpler creatable
than others. This subregion correspond to the relatively small values of QR.
All possible relations between the parameters Qext and QR are realizable in the Ekert
case. In particular, the right upper corner in Fig.2 is mapped into the right lower corner in
Fig.4.
C. Chains with φ < 12
Decreasing the parameter φ from 1
2
to 0 we slowly transform the Ekert chain to the
homogeneous one. The results of the numerical simulation of map (23) for chains of 20 and
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FIG. 4: The discord Qext verses the discord QR for the chain of N = 20 nodes with the homogeneity
parameter φ = 12 (Ekert chain) at the time instant t0 = 13.69. The vertical solid lines and the
horizon dash-lines correspond to α1 = const and α1 = const respectively. The distance between
the neighboring lines of each family is 0.05. (a) The control parameters αi, i = 1, 2, from sub-
domain (27). Sub-domain of control parameters (28) maps into the same region with α1 increasing
from the right to the left reaching α1 = 1 at the left gridding line (the ordinate axis). (b) The
control parameters αi, i = 1, 2, from sub-domain (29) Sub-domain (30) cover the same part of the
creatable region with α1 increasing from the right to the left reaching α1 = 1 at the left gridding
line (the ordinate axis).
200 spins and φ = 3
8
, 1
4
, 0 are collected in Figs.5 and 6. As was mentioned above, the area
of creatable region is minimal in the case of homogeneous chain φ = 0, see Fig.5(c,f) and
Fig.6(c,f).
In Figs.5a-b and 6a-b, we depict map (23) corresponding to sub-domain (27) of the
control-parameter space, this is almost the one-to-one map. We see that the map in this
case can be viewed as a deformation of the Ekert case shown in Fig.4a. Especially this is
valid for φ = 3
8
, see Figs.5a and 6a. In addition, for φ = 3
8
, we can partially realize the case
of large QR and small Qexp (the right lower corners in these figures correspond to the right
upper corner in Fig.2).
Map (23) of the whole domain of control parameters (10) into the creatable region is
depicted in Figs.5d-f and 6d-f for the chains of 20 and 200 spins respectively. In this case
the map is far from the one-to-one map with many mutual crossing of the lines inside of the
families α1 = const and α2 = const. We also note that there is a sub-region near the ordinate
12
FIG. 5: The discord Qext verses the discord QR for the chain of N = 20 nodes. The two crossing
families of lines correspond to α1 = const and α2 = const, similar to Fig.4. The interval between
the neighboring lines is 0.05 (dimensionless units). (a,b,c) The parameters αi, i = 1, 2 vary inside
of sub-domain (27) of parameters αi, i = 1, 2; (d,e,f) The parameters αi, i = 1, 2, vary inside of the
whole domain (10). (a,d) φ = 38 , t0 = 15.27, R
2
max = 0.98; (b,e) φ =
1
4 , t0 = 16.75, R
2
max = 0.94;
(c,f) φ = 0 (homogeneous chain), t0 = 22.79, R
2
max = 0.63.
axis (small QR) which is covered four times by the parameters from each sub-domain (27-
30). Similar to the Ekert case, the states from this sub-region are simpler creatable then
states from the other sub-regions covered tree-, two- and one-time.
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FIG. 6: The same as in Fig.6 for the chain of N = 200 nodes. (a,b,c) The parameters αi, i = 1, 2,
vary inside of sub-domain (27); (d,e,f) The parameters αi, i = 1, 2, vary inside of the whole domain
(10). (a,d) φ = 38 , t0 = 55.91, R
2
max = 0.97; (b,e) φ =
1
4 , t0 = 69.48, R
2
max = 0.88; (c,f) φ = 0
(homogeneous chain), t0 = 205.54, R
2
max = 0.19.
VI. CONCLUSIONS
In this work we study the possibility of remote creation of quantum correlated states. We
consider the model with the nearest neighbor XY-Hamiltonian and the coupling constants
depending on the parameter φ characterizing the inhomogeneity of the chain. At that, the
homogeneous chain corresponds to φ = 0, while the Ekert chain corresponds to φ = 1
2
.
We consider the two parameters characterizing quantum correlations. The first one, Qext,
is the discord between the receiver and the rest of communication line, it shows whether
14
the receiver is independent on other spins of the chain. The second parameter, QR, is the
discord between the two nodes of the receiver and characterizes correlations inside of the
receiver. We show that the creatable region increases with an increase in the parameter
φ, so that the complete state-space in terms of the parameters Qext, QR can be covered in
the case φ = 1
2
(Ekert chain). With decrease in φ, the creatable region reduces covering
the minimal area at φ = 0 (homogeneous chain). If φ = 3
8
(i.e. the almost Ekert chain),
the creatable region does not significantly reduces as can be seen in Figs.5a,d and 6a,d.
Moreover, comparing Fig.5a with Fig.6a allows us to conclude that, in this case, the area
of creatable region slightly depends on N , which agrees with the prediction of Sec.IVA1.
However, decreasing φ, we observe that the area of creatable region reduces with increase
in N , which is especially evident from the comparison of Fig.5c(f) with Fig.6c(f). The most
interesting case corresponds to the right upper corner in Fig.2a, where QR reaches large
values while Qext is significantly less. In this case the quantum correlations between the
receiver and the rest spins of communication line are minimal, so that the receiver can be
considered as an independent subsystem. The states from this corner can be created in the
chains engineered for the high probability state transfer (see the right lower corners in Fig.4
(Ekert chain) and in Figs.5a,d and 6a,d, where φ = 3
8
).
We also emphasize that there is a domain in the control parameter space (27) which
almost uniquely covers a large part of the creatable region, as shown in Figs.5a-c and 6a-c.
Outside of this domain the map loses its uniqueness, see Figs.5d-f and 6d-f. In these figures,
we also see that the subregion near the ordinate axis (QR is relatively small) is covered four
times by the control parameters and thus it is simpler for realization in comparison with
other subregions.
It is interesting that the inhomogeneity in our model establishes the lower limit on the
state-transfer probability R2 which is estimated by the empirically obtained dash-curve in
Fig.3.
This work is partially supported by the program of RAS ”Element base of quantum com-
puters”, project ”Quantum registers on the virtual particles (fermions) in one-dimensional
chains of interacting nuclear spins in the external magnetic field”, by the Russian Founda-
tion for Basic Research, grants No.15-07-07928. A.I.Z. is partially supported by DAAD
(the Funding program ”Research Stays for University Academics and Scientists”, 2015
(50015559)).
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VII. APPENDIX. DISCORD BETWEEN TWO NODES OF RECEIVER
We call QN−1 and QN discords calculated using the measurements over the (N − 1)th
and Nth nodes respectively. First, we obtain the formula for QN :
QN = I(ρ)− CN (ρ). (31)
Here I(ρ) is the total mutual information [43] which may be written as follows:
I(ρ) = S(ρ(N−1)) + S(ρ(N)) +
1∑
j=0
λj log2 λj , (32)
where λj (j = 0, 1) are the non-zero eigenvalues of the density matrix ρ
R (12),
λ0 = ρNN + ρ(N−1)(N−1), λ1 = 1− λ0. (33)
Here ρij are the elements of the matrix ρ
R (ρNN = |fN |2, ρ(N−1)(N−1) = |fN−1|2), ρ(N−1) =
TrNρ
R and ρ(N) = TrN−1ρ
R are the reduced density matrices, the entropies S(ρ(N−1)) and
S(ρ(N)) are given by the following formulas:
S(ρ(N−1)) = −(1− ρNN ) log2(1− ρNN )− ρNN log2 ρNN , (34)
S(ρ(N)) = −(1− ρ(N−1)(N−1)) log2(1− ρ(N−1)(N−1))− ρ(N−1)(N−1) log2 ρ(N−1)(N−1).
The so-called classical counterpart CB(ρR) of the mutual information can be found con-
sidering the minimization over the projective measurements performed over the Nth spin
[51]:
C(N)(ρ) = S(ρ(N−1))− min
η∈[0,1]
(p0S0 + p1S1), (35)
where
S(θi) ≡ Si = −1− θi
2
log2
1− θi
2
− 1 + θi
2
log2
1 + θi
2
, (36)
pi =
1
2
(
1 + (−1)iη(1− 2ρ(N−1)(N−1))
)
, (37)
θi =
1
pi
[
(1− η2)ρ(N−1)(N−1)ρNN + (38)
1
4
(
1− 2ρNN + (−1)iη(1− 2(ρ(N−1)(N−1) + ρNN))
)2]1/2
,
i = 0, 1.
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Here we introduce the parameter η instead of k in [51] (k = (1+ η)/2). It is simple to show
that the quantum discord QN−1 obtained performing the von Neumann type measurements
on the particle N − 1 can be calculated as follows:
QN−1 = QN |ρ(N−1)(N−1)↔ρNN . (39)
Then we define the discord QR as the minimum of QN−1 and QN [52], see eq.(21). One can
show [50] that the minimum in eq.(35) corresponds to η = 0 so that we result in the explicit
formulas (21) (22) for the discord QR.
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